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Abstract 

Motivated by the interest raised by the problem of Lorenz-symmetry 
violating gauge theories in connetion with gravity models, this contri- 
bution sets out to provide a general method to systematically study 
the excitation spectrum of gravity actions which include a Lorentz- 
symmetry breaking Chern-Simons-type action term for the spin con- 
nection. A complete set of spin-type operators is found which accounts 
for the (Lorentz) violation parameter to all orders and graviton prop- 
agators arc worked out in a number of different situations. 
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1 Introduction 



Theories with Lorentz symmetry breaking turned into a highly interesting 
research activity over the latest years. This may be motivated by the ob- 
servation that superstring theories suggest that, at a certain energy scale, 
Lorentz symmetry should be violated properties of these models such as 
CPT-symmetry violation and vacuum birefringence [2] could be related to 
some cosmological effects like cosmic magnetism ^ |4j and anisotropy of the 
CMB [5] . 

On the other hand, gravity theories with Lorentz symmetry breaking had 
been mainly exploited in [6l [71 [HI [9] ; in contrast with the electromagnetic 
case, there is no vacuum birefingence and the diffeomorfism invariance is 
broken, so that the vacuum structure for graviton excitations is non-trivial 
and a production of massive gravity modes from the violation of Lorentz 
symmetry may become an issue of relevance. 

At this point, it is valid to ask which kind of spectrum this new vacuum 
structure offers us. With this motivation, we provide a general method to 
compute the propagator for gravity theories with Lorentz symmetry break- 
ing based on the irreducible group decomposition and the spin operator 
formalism developed by Barnes-Rivers [10] and Sezgin and van Nieuwen- 
huizen [11]. Thus, in agreement with this method, we list a acomplete set 
of spin projection- type operators which form a closed algebra; the wave op- 
erator is expanded in terms of this basis and the calculational procedure to 
read off the propagators becomes very systematic. Special cases of interest 
are finally contemplated. We do not consider possible effects of torsion: we 
assume that all gravity degrees of freedom are accomodated into the metric 
fluctuations. 

This work is organized as follows: In Section 2, we introduce our nota- 
tions, conventions and start with a general action including the Einstein- 
Hilbert term, a second-order curvature term and the cosmological constant; 
then, we implement the weak field aproximation to carry out the analysis of 
the gravity excitations. In Section 3, we proceed to calculate the propaga- 
tors. Finally, in Section 4, we close with some Concluding Comments about 
the particle espectrum in some special cases. 
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2 Preliminaries 



We propose to carry out our analysis by starting off from the following action 
for topologically massive gravity in four dimensions: 



= J d^x ^ (^-7^ + A + + ^R^,.R^''^ +Cc 



(1) 



where 



Cos = -le^''^\r,/{d.r^- + ^r,/r,^-) (2) 

is the topological Chern-Simons term, and A = k^A, A being the cosmolog- 
ical constant and a and k coupling constants of dimension. The idea 
of writing down the cosmological constant as above is simply for the sake 
of factoring out a «;~^-factor, which simplifies the task of writing down the 
expressions for the propagators, to be calculated in the next Section. 

We adopt here the Minkowski metric r/^^ = (+; —,—,—) and the Ricci 
tensor, TZ^^^ = 'R-x^i,'^- Iii the Riemannian space-time, the coefficients of the 
affine connection are expressed in terms of the Christoffel symbols, ({^^}), 
which are completely determined by the metric: 

= = \g''^ {d^9n. + d,g^^ - d^g^,) . (3) 

In order to derive the propagators and, consequently, the particle spectrum 
of the theory, we linearize the metric-dependent part of the Lagrangian by 
adopting the usual splitting in the weak gravitational field approximation: 

9nu {x) = Vfiu + Kh/^u (x) , (4) 

where nh^i, represents, as usually, the small pertubation around fiat Minkowski 
space-time. 

The action is invariant under general coordinate transformations, 

Sh^u{x) = df,iu{x) + dyi^{x), (5) 

where is the gauge parameter. Therefore, it is necessary to fix this 
gauge invariance in order to make the wave operator of the Lagrangian 
non-singular. This is done by adding the usual De Bonder gauge-fixing 
term, 

= (6) 
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with 

= {h\ - ]^5\h}j , (7) 

and h = hff. In this case, the action is the sum of Einstein, Chern-Simons 
and gauge-fixing terms. So, by making use of the weak field approximation 
for the metric, the bihnear terms can be collected as below: 
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K 



Once the /i^j^-propagator is calculated, the parameters o", ^ and the back- 
ground vector, f'^, shall be suitably chosen in order to avoid ghosts or 
tachyons in the spectrum. The structure of the propagator poles and their 
corresponding residues will indicate if there are non-physical modes induced 
by the higher derivative terms and the Lorentz-violating term. 

3 Spin Operators and Graviton Propagator 

We now rewrite the linearized Lagrangian (l8|) in a more convenient form, 
namely 

C = ^ VO^'"^^«A, (9) 
where Oap is the wave operator. The propagator is given by 

(0| T [V (^) Kx {y)] |0) = i {0-^)^,,x - 2/) • (10) 

In order to invert the wave operator, we shall use an extension of the 
spin-projection operator formalism, where one needs to add now other new 
operators coming from the Chern-Simons term. The operators for rank-2 
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symmetric tensors are given by: 



p(2) 

p{l) 

p{0-s) ^ 



(11) 



1 Q p(0— jus) 1 n 



with 9fj_i, and uj^u the transverse and longitudinal projection operators for 
vectors, respectively. Thus, the wave operator can be expanded in terms of 
the spin projection operators, as it follows below: 



O 



IJ,v,kX 



□ A 



a(2) 
IXv,kX 



□ A 
2^ 2" 



,(1) 

Ijlv,kX 



+ 



.^^2 (4a-3)n A 



r,(0-s) 
flV,KX 



(12) 



Our analysis of the spin operators induced by the Lorentz-symmetry violat- 
ing term yields the whole set of structures to be listed below: 



-'jJ.U 



A, 



e^^unxv^'d^- 



(13) 
(14) 
(15) 



n 



n 



^IXv,kX 

(1-a) 
IXv,kX 

(1-fe) 

fJ,U,KX 



n(2) 



+ ^.A V) ' (16) 

+ e,x^^^) , (17) 

(18) 

;^ {(^tJ,K^uX + (^ixX^vK + QvK^iiX + QvX^iik) , (19) 



n 



(SL) 
Hv,kX 



{S^^Kyx + ^^aAj/k + Syi^A-nx + 5i/aA^k) , (20) 
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^tiu,K\ ~ 2 ('^/^'^^^-^ ~'~ "^MA^i^K; + ^uK^fMX + Si^x^hk) ) (21) 

^\ii/,kX ^ ~ 2 ^^1^1^^^^ ^nX^Ku + Sui^YiXn + Su\Tii^fj) , (22) 

n^^^A = 2 ^^1^'^'^^^ '^mA'^i^k + SvK^jjtx + Si^xUnK,) , (23) 

^Vaa ~ ;^V^«A, -IV,«A - ;^V^A«, (24 j 

= ^ (s^.e.A + s.Aa) , (25) 

= ;^VA«A, = i=A,.^.,, (26) 

nJiU = A^.A.A, (27) 

[Jt-icr^ = uj^x-^^^ + uj^x^f,^, n'^^J^^^^^ =uJ^,nKx + ^^uK^nX, (28) 

nlti = '-."^A.A, n(t:iA = (29) 

nj,t,^«r^ = ^I^i^'^kX, = ^i^i^^Xk, (30) 

nJS^A = ^m^^^kA + S^^a;„A, (31) 

nJi^A^^ = ^h'^'^kX, ^fu%^^ = Am'^^Ak, (32) 

nJ^A = W«a + S,mA.a, (33) 



The products between the usual spin operators for the subspace of symmetric 
rank-2 tensors are summarised as follows: 



pi-apj 


-b 


— ^ij^abpj- 


-b 


pi-abpj- 


cd 


— ^ij^bcpj- 


-a 

1 


pi-apj- 


■be 


— §ij^a.bpj- 


-ac 


pi-abpj 


—c 




-ac 



(34) 



and they satisfy the following tensor ial completeness relation: 

fp{2) + p(l) + p{0-s) + p(0-«,)\ ^ 1 (^^^^^^ ^ _ (35^ 
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After lengthy algebraic operations with the whole set of the operators 
presented above, we are ready to give the explicit form of ^^i^-propagator in 
momentum space, which reads as below: 



{hh) 



I 

— < 
D 



.p(i) 



A^9 



D1D2 Di V / 

_8^/3^ (n(^^) + n(^^))|. 



p(0-a;) 



(36) 



where A = v>^Pfj,. We have suppressed the Minkowsky space indices from de 
hni,-iie\d and from the spin-type operators. Moreover, we have defined: 

Di = ^p^ + 2/-2A; (37) 
D = ^V + 4(^ + KV)p6 + 4(l-Ae-K4A2^p4 

-8Ap2 + 4A2; (38) 
D2 = (e + 3c7)/-p2 + A; (39) 

iVi = a^^p^^ + 2a^ (2ac^i;2 + 3^) p^° + 2a (Ak'^v'^ - 2k^^\^ - 3A^2 + g^^ 



+2 4a (^1 - n^X^ - Ak^v'^ - 3A^) + Sk'^X^ 



+24aAV - 8aA 



3. 



p6 + 2aA (6A^ + K^A^ - 12j p^ 

(40) 



iV2 



+ 6 ^2k^^^^ + e + AK^v^a) + 6 (2^ - An^X^a - 2k^^X^ - le) p' 



1 - 3A^j p^ + 12A (Ak^^ - 2) p'^ 



+24AV - SA^; 



(41) 



ATg = 4a (^ + 3(j) / + (3 - 4a) + aA; (42) 

iV4 = eV' + 2(2KV + 3C')p'° + 2(6^-12Ac^AV-6K^CA2-3AK2^2 + 4KV)p^ 

/ + 12A (a^ - 2) / 



+1 



1 - K^At;2 - 3^2 A^ 



+24A2p2 - 8A^ 



(43) 
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This is a very general expression with all parameters taken as non-trivial. 
We have to select only those cases for which ghosts and tachyons are absent. 
This imposes special contraints on the parameters as we are going to present 
in our final Section. 

4 Concluding Comments: 

With the general result above, we can focus on two specific cases. 

By starting with a theory described by the Einstein-Hilbert plus Chern- 
Simons terms, we get the following tree-level propagator: 



p(i) + p{o-s) ^ _ 3) ^p{o-u.) 
3i 



- V3KV(n(^''^+n(^^))}; (44) 

where A (p) = n^v^p^ — {p ■ v)^ + 1. From (j44p . we notice that = is a 
pole and, so, a massless excitation is present despite the Lorentz-symmetry 
violating term. It is now worthy to discuss the pole structure our propaga- 
tor (j44p exhibits. There is a factorisation of the zero mass pole, {p^ = 0), 
while non-trivial poles might appear as zeroes of the A(p)-factor. In view 
of this result, the works of refs. [3 [15] should be commented on, where 
Jackiw and Pi consider the particular case of a time-like vector, = (^,0). 
They show that the violation of Lorentz symmetry, in such a case, is not 
felt, since its neat effect simply amounts to modifying the external sources 
in their spatial dependence. In our case, the factor A(p), also for the choice 
= (-,0), looses its dependence on the p'^-component of the momentum: 

we have indeed A(p) = 1 — j^p , therefore, no other particle pole is present 
other than p^ = 0. This then confirms the results by Jackiw and Pi. The 
A(p)-factor, from which the energy dependence drops out in this case, may 
actually (as these authors propose) be absorbed into the redefinition of the 
external currents and only the massless p^ = Q - pole of the unmodified 
theory is actually present. 
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For space-like (let us take = (0; 0, 0, v)), A{p) yields non-tachyonic 
massive poles, in agreement with the results found in [TTJUBKlQ] for the case 
of general Yang-Mills theories. Gravity may be formulated as a non-Abelian 
gauge theory, therefore, it is not surprising that, for space-like, massive 
poles may appear and they are of a non-tachyonic nature. 

In theories with spontaneous gauge symmetry breaking in presence of 
a Lorentz symmetry breaking term, the competitive effect between the 
Higgs mechanism and the mass generation induced by the Lorentz-symmetry 
breaking term has been discussed [16] . In the particular case of gravitation, 
instead of an spontaneous gauge symmetry breaking, another way to gen- 
erate mass to compete with the mass parameter of the Lorentz-symmetry 
breaking term would be through the cosmological constant. This situation 
motivates a discussion of the excitation spectrum of the graviton propaga- 
tor in presence of the cosmological constant and the background vector that 
violates the Lorentz symmetry. 

By starting with a theory described by the Einstein-Hilbert, cosmolog- 
ical constant and Chern-Simons terms, in (|12p we get: 

Di = 2p^-2Kk^; (45) 
D = 4p'^A - 8AkV + 4A^'«^ (46) 
D2 = -p^ + Kk^] (47) 



iVi 



+2 [4a (1 



2AaK^IS?p^ - SaK^A 



3. 



N2 = Sp"" - 24k^Ap^ + 24k^A^p'^ - S/t^A' 
= (3 - 4a) / + a^^A; 



12) p' 
(48) 

(49) 
(50) 



N4 = 8k\'^p^ + 8[1- k^Av^] / - 24^2 A^)^ + 24k^AV - 8k^A^. (51) 

We conclude that there is no way that the cosmological constant and the 
violation of Lorentz symmetry may compete to cancel the effect of a massive 
graviton. On the other hand, in this case, the dispersion relation associated 
to the pole that corresponds to D = in eg. ((36]) can be inspected to also 
yield an important information on the background vector, v^. Actually, 
from 



D = AA 



p 



Ak2 

A 



AV 
A2 



(1-A) 



0, 



(52) 
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and, whenever A 7^ 




A2 



(1-A). 



(53) 



Then 1 — A > 0; this condition reduces to v^p^ < {v.p)"^, which is always 
satisfied whenever is space-hke and = fi^ > 0, which corresponds to 
the appearance of a massive time-hke excitation. An issue which remains to 
be inspected is the inclusion of torsion in our discussion of the spectrum of 
Lorentz-symmetry violating gravity. 

A next step would consist in treating the vielbein and the spin connection 
(we are talking about the first-order formalism) as independent degrees of 
freedom to then reassess the whole set of gravity excitations that may show 
up in the spectrum. By virtue of the Lorentz-symmetry violation, we do not 
expect that the two approaches be equivalent and that this task is simply a 
matter of re-analysing the same results by means of another approach; this 
claim is based on the results of the work of Ref.[20]. We expect that there 
may indeed appear an extra sector of (dynamical) massive gravitons acco- 
modated in the spin connection sector. This problem is under consideration 
and we shall report on it in a near future |21] . 
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